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Quantum Matrices in N Dimensions
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We obtain the commutation relation between rows and columns of N x N
quantum matrices. We derive the quantum determinant and discuss its property
in terms of the g-deformed Levi-Civita symbol. We find the inverse and trace of
N x N quantum matrices. Finally we discuss the g-deformed complexification of
the quantum matrices.

Since Manin (1987, 1988, 1989) proposed the idea of the quantum
plane, much has been developed in this direction. The application of
noncommutative differential geometry to the quantum matrix group was
made by Woronowicz (1987, 1989). Wess and Zumino (1990; Zumino,
1991) considered one of the simplest examples of noncommutative differen-
tial calculus over Manin’s plane. They developed a differential calculus over
the quantum hyperplane covariant with respect to the action of the
quantum deformation of GL(n) which is called GL,(n). Following these
results, much work has been done in this direction (Schmidke ez al., 1989;
Schirrmacher, 1991a,b; Schirrmacher e? al., 1991; Burdik and Hlavaty, 1991;
Hlavaty, 1991; Burdik and Hellinger, 1992; Ubriaco, 1992; Giler et dal.,
1991). Some recent papers (Ewen ef al., 1991; Ge ef al., 1992; Kupershmidt,
1992) cover the 2 x 2 quantum matrix and its properties. The main purpose
of this paper is to deal with the N x N quantum matrix and its properties.
First we set up commutation relations between rows and columns of the
N x N quantum matrix, and we use the g-deformed Levi-Civita symbol
and its useful property (Chung et al, 1993) to define the quantum
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determinant and inverse of the quantum matrix. Finally we define the
g-deformed trace of the quantum matrix and prove that it remains invari-
ant under the similarity transformation.

The N-dimensional quantum space is realized by & noncommuting
variables satisfying the following rule:

XiX; = gX;X; i< ’ (n
Consider the linear transformation of these variables,
X; = agXx; (2

where the a;; are entries of the quantum matrix 4 commuting with the x,.
If we demand that the relation (1) holds in the transformed coordinate, we
have

xixj=gqx;x; (i <]) (3)

Ihserting equation (2) into equation (3) gives
aua; = qaay i<y (4
ayay +q gy = aya, + qaa, (<jk<l) (%)

On the other hand, the differential forms of these variables should satisfy
1
dx; dx; = —5 dx; dx; @i <J) (6)

dx2=0 (7

We demand that the relations (6) and (7) also hold in the transformed
coordinate. From the relation

dx?=0 (8)
we have
Ay = qa; k<) 9
From the relation
1
dx;dx; = —adxj’- dx; (<)) (10)

we obtain

1 ..
Ay Ay — qayay, = "‘5 A Ay + auay G<jik<i) (1)
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From equations (5) and (11) we obtain
Audy = Ay Ay (i<jk<li) (12)

Therefore, in order for 4 to be a quantum matrix, the entries of 4, a
should satisfy the following relations:

ifs

a,a, = qa;a; i<y (13)
ayay +q " agay = aya, + qaza, i<jk<l) (14
@yl = Apay (i<j, k<) (15)
gy = G0y (k<) (16)

Now consider the quantum determinant of the N x N quantum matrix
A. Let us denote the quantum determinant of 4 by det, 4 = D, which is
determined by the relation

dxidxy -dxy=Ddx dx, - dxy (17
Applying the transformation rule (2) to (17), we have
D= z 6;111-2...,-" al,«l tee aN,-N (18)
Pqigreiy

Here the q-deformed Levi-Civita symbol €f ..., satisfies the following
properties:

€fr.n=1 (19)
iy = (—QEL iy for i>j (20)

For example, let us consider the N =3 case. We have six nonvanishing
components of the g-Levi-Civita symbol,

eln=1

€53=—¢q

€ln=—q

e =(-q)° 2D
531 =(—9)*

€ =(—-9)°

Therefore the quantum determinant of the 3 x 3 quantum matrix

A= (22)

e QR

b
e
h

~ S0
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is given by
det, A = aei + (—q)°bfg + (—q)*cdh
+ (—q)’ceg + (—q)bdi + (—q)afh

=a det,,(Z j_{>+(—q)b detq(d f)+(~q)zc detq(d e) 23)
i g 1 g h

This example shows that we can compute the quantum determinant of the
N x N quantum matrix from the N quantum determinants of the
(N — 1) x (N — 1) quantum matrix, which we call minors. Then we con-
clude that

N
det, 4 = Z (=)' 'ayM,; (24)
i=1

where M, is called the minor of a;;.
Now we prove that the important property of the determinant still
holds in the case of the quantum determinant, which is

det, (4B) = det, A det, B (25)
The proof of the above property is as follows:

det,(4B) = Y (AB)y;, - (AB)n;,

iig iy

1112 i

i

q P
N €1ty inik D iy aNkoKNiN
iyigriy kikyky

Z Z (alk1 T aNkN)ei']liz---ikalil T 'kaiN

iyigriy kykaoky

= Z (alkl . 'aNkN)ezlkz”'kN deth
kikyky
=det, 4 det, B (26)
where we used the formula
) Z 1112 lek]ll e ka"N = €Zlk2---k,v detq B (27)
11’2"'1N

Formula (27) can be easily proved from the definition of the g-Levi-Civita
symbol and its properties (Chung et al., 1993).

From the definition of the quantum determinant and the properties of
the g-Levi-Civita symbol, we can easily prove that the quantum determi-
nant of the quantum matrix commutes with all entries of the quantum
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matrix, which means that the quantum determinant is a central element.
But in the case of multiparameter deformation, it is not the case, because
the quantum determinant does not commute with entries of the quantum
matrix.

In order for the N x N quantum matrix to form a Hopf algebra, there
should be an antipode satisfying the antipode axiom. In the world of
N x N quantum matrices the antipode is an inverse of the quantum matrix.
The inverse of the quantum matrix 4 is defined by

(A7) = (—g)"/ det, (M) (28)

IA lo
where |4|, means det, A. It is straightforward to prove that
(447", =0, (29)
The left-hand side of equation (29) is
A4, =Y agag’
k
k—j
Za‘kiA;q( Q) det( k)
}Alq Z( q)k jazk det ( k)
=0y (30)

and equation (29) is proved.
It is very easy to prove that the inverse operation obeys the antipode
axiom, which means that

(AB)~"'=B~'4"! (31)

where 4 and B are arbitrary quantum matrices.
Now we use the information on the inverse and quantum determinant
to define the quantum trace of the quantum matrix 4 as

Tr,(4) = Z g*~ Vay (32)

i=1

Then we have

Tr,(BAB~Y) =¥ ¢%~ Vb a, b (33)

ik
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Using the definition of the inverse of the quantum matrix, we get

Tr,(BAB™") = I‘B—| Zk =) by My |, a,
q i

[B! Z q**~ V9| B, a;
q J

=Y ¢°U Py = Tr,(4) (39
J

where M, is a minor of b, and B is another quantum matrix whose entries
commute with those of A. Therefore we conclude that the quantum trace
remains invariant under the similarity transformation.

Now we consider the q-deformed complexification of the quantum
matrix. There exist four different types of complex conjugation of N
noncommuting variables:

I x;=xy_;@(=12,...,N).

I %=x,(=12,. )

III. x,%, =1 (not summed)( =1,2,...,N)
IV. x% =1 (not summed) (i =1,2,...,m).

X, = X, (a=m+1,...,N)

Then we have the relations between g,; and a,;, the complex conjugation of
a;;, in addition to the relations (13)- (16) which are written as follows:

L Gyiij=ane—;Gj=12,...,N).
. a;=a;0Gj=12,. ..,N).

M. a;=a;6y,a:4,=1(@,j=12,...,N).
Iv. a- a;0;, a;a; =1 (1,j=1,2,...,N).

aaﬂ=ﬁaﬂ (i,j=1,2,...,m,a,ﬁ=m+l,...,N)

Although this paper is more or less mathematical, we think that this
information on N x N quantum matrices will enable one to treat the
g-deformed quantum mechanics in N-dimensional quantum space-time.
We hope that these properties of N x N quantum matrices will be applied
to problems in theoretical physics. There remain some unsolved problems
relating to the topics of this paper. One is to define a g-orthogonal,
g-Hermite, and g-unitary matrix and another is to construct a g-deformed
matrix quantum mechanics by defining the g-ket and g-eigenvalue problem,
etc. We think that these problems and related topics will be clear in the
near future.
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